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Rapid Transonic Aerodynamic Prediction
for Hypersonic Lifting Bodies

Timothy F. O’Brien* and Mark J. Lewis'
University of Maryland, College Park, Maryland 20742

A rapid analytical method for predicting the transonic pressure distribution on high-speed, waverider-based,
vehicle fuselages is presented. The goal of this method is the prediction of inviscid lift and drag using minimal CPU
time. The method is based on the solution of the two-dimensional and axisymmetric transonic, small disturbance,
velocity potential equations. Comparison is made between theory and the matching inviscid, three-dimensional,
computational solution over a representative vehicle geometry. For purely subsonic flow, the methodology predicts
lift, drag, and thrust on the lower surface to within 0.5, 1.1, and 0.5 %, respectively, compared to the computational
solution. For sonic flow, the methodology predicts lift, drag, and thrust on the lower surface to within 4.7, 5.1,
and 9.5%, respectively, compared to the computational solution. For purely supersonic flow, the methodology
predicts lift, drag, and thrust on the lower surface to within 7.4, —1.6, and —4.4 %, respectively, compared to
the computational solution. The analytical and computational analyses showed that this class of vehicle geometry
generates little lift at low-speed and will require lift augmentation.

Nomenclature

Euler’s constant

pressure coefficient

chord length, m

normalized drag, m?

supersonic function

height, m

M2 (y +1)

length of geometry, m; normalized lift, m?
freestream Mach number

exponent for solution combination
pressure, N/m?

radius of curvature, m

coordinate in radial direction, m
cross-sectional area, m>

normalized thrust, m?

maximum thickness, m

freestream velocity, m/s

perturbation velocity, m/s
nondimensionalized perturbation velocity
direction along longitudinal axis of body, m
body ordinate in two dimensions, m

body ordinate in radial coordinates, m
ratio of specific heats

dummy variable of integration

thickness ratio (¢ /c)

perturbation velocity potential
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Subscripts

2D
axi

two-dimensional solution
axisymmetric solution
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end = ending pointof geometry

h = hyperbolic

i = incompressible

loc = local

max = maximum

r = differentiationin the radial direction
sp = resultof solution combination
st = starting point of geometry

X = differentiationin the x direction
XS = intersection point of spline

z = differentiationin the z direction
Superscripts

/ = differentiation

* = sonic location

Introduction

HE design of an airbreathing,engine—airframe integrated vehi-

cle capable of reaching hypersonic velocities and/or access to
space will rely on the accurate predictionof the vehicle performance
throughout the entire Mach number regime. The ultimate selection
of an optimal hypersonic configuration may depend strongly on its
low-speed performance, for takeoff and landing, as well as its ability
to pass through the transonic regime. To this end, it is important to
be able to analyze low-speed performance of a hypersonic craft.

Thorough investigations of the on-design performance of
waverider-derived, airbreathing, engine—airframe integrated vehi-
cles have been performed for configurations based on caret-wing
waveriders,' conical waveriders> osculating cone waveriders; and
wedge-based waveriders for missile application* A scramjetengine
was used as the main propulsiondevice for all of these vehicle stud-
ies. Because scramjets only operate at high speeds, these studies
did not investigate the low-speed characteristicsof waverider-based
configurations.

The methodology developed herein would have application to
the general class of slender airbreathing hypersonic craft. Where
an example is required, the current study focuses on a represen-
tative baseline hypersonic vehicle that incorporates a rocket-based
combined-cycle(RBCC) engine into an osculatingcone, waverider-
based, engine—airframe integrated vehicle. An RBCC engine has
been chosen because of its ability to provide thrust across a wide
Mach spectrum; a waverider shape has been selected because of the
promise of high aerodynamicefficiency at high speeds. This class of
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Front View

Rear View

Fig. 1 Two views of example vehicle geometry, M., = 10.

vehicle has been thoroughly studied for its on-design performance,
and off-design supersonic flight.

An example of the class of vehicle geometries™® of interest is
shown in Fig. 1 for a design Mach number of 10. (Details of the
methods used to develop these geometries may be found in Ref. 6.)
The RBCC engine uses rockets to propel the vehicle from takeoff
through the transonic regime, a ramjet to travel through the super-
sonicregime, a scramjet to travel through the hypersonicregime, and
then a rocket to travel into orbit. Thus, the RBCC engine-airframe
integrated concepthas the potential to travel from takeoff to orbitin
one stage, requiring knowledge of the off-design performance over
the full Mach number range.

Previous investigations of the current vehicle class’® calculated
the hypersonic, off-design performance of a Mach 12 vehicle, for
both Mach number and angle of attack, in the flight regime where
scramjet propulsion was feasible, M., > 7. A strong emphasis was
placed on aerodynamic solutions that are computationallyinexpen-
sive (on the orderof CPU secondson a typical workstation). This will
enable future initial design studies, optimizations, and/or trajectory
analyses to be performed quickly and inexpensively.

For the current study, the inviscid, transonic, aerodynamic perfor-
mance of a waverider-based, hypersonicfuselage (engine removed)
is predicted analytically. Emphasis is placed on computationallyin-
expensive methods with CPU times on the orderof 10 s or less. This
restrictioneliminatesthe use of computationalfluid dynamics (CFD)
solutionsof the Euler or Navier—Stokes equations, where CPU times
(neglecting grid generation) are typically in the minutes to hours
range for a single vehicle design. Previous investigations into the
low-speedand transonicbehaviorof waverider-basedvehiclesrelied
heavily on CFD solutions’® and/or experimental methods.”~!!

Several available analytical methods exist for predicting the tran-
sonic flow over certain geometries. Hodograph methods,'*!* for ex-
ample, have been used extensively, but are difficult to apply to these
geometries because of the necessary transformation of the profile
into the hodographplane. Among the quickestand simplest methods
is the solution of the small perturbationpotential equations for tran-
sonic flow, on which this present effort is based. In particular, the
Spreiter and Alksne method of local linearization'*! is used here to
solve the two-dimensionaland axisymmetric small-perturbationpo-
tential equations. The method of local linearizationreduces the two-
dimensionalequationsto analyticalexpressionsand the axisymmet-
ric equations to ordinary integro-differential equations, which may
be numerically integrated very quickly. The two-dimensional and
axisymmetric solutions are then combined together and compared
to an Euler solution over the full three-dimensional vehicle. The ul-
timate goal has been the developmentof a rapid, transonic, aerody-
namic prediction of the pressure distribution on a waverider-based,
high-speed geometry for calculating inviscid lift and drag.

Two-Dimensional Transonic Flow Solution

The transonic, small-disturbance equation in two dimensions'*
may be written as

[1-M2 = M20(y + D/ULIG e + 0. =0 (1)

Note that this equation simplifies to the linearized perturbation ve-
locity potential equation if the coefficient of ¢, is neglected. How-
ever, this coefficient must be retained in the transonic equation to
remain of mixed type (hyperbolic, parabolic, or elliptic). The gov-
erning equation is seen to change types according to the coefficient
of prx,

41 < 0 hyperbolic
1— M2 — M2, VU—¢X =0 parabolic @)

o0

> 0 elliptic

Hence, Eq. (1) mimics the properties of transonic flow (flow where
transition from subsonic to supersonic occurs). The solution of
Eq. (1) may then be used to calculate the local pressure coefficient

Cp = 2,/ Usx) = —2(u/Ux) = ~2i 3)

where u is the perturbation velocity in the x direction.

The method of solution of the two-dimensional, transonic, small-
disturbance equation selected for use in this study is the local lin-
earization technique developed by Spreiter and Alksne.!* A sum-
mary of the technique presented in Ref. 14. is provided in Ref. 6 for
the solutionof flows that are purely supersonic,purely subsonic,and
near sonic. For a detailed discussion of the solutions, see Ref. 14.

Supersonic Solution

When the assumptions and methods of Ref. 14 are used, the su-
personic solution of Eq. (1) yields the following algebraic equation
for pressure coefficient:

2

2 2 3 dz |*
=—2N(M2—1)-|(M2 -1)"—ZME(y+1)—
P Mgo()/-f-l) ( 00 ) [( o) ) 2 oo(y )dx
“4)
where £ is defined as
k=M§Q(y+l) 5)

Note that the quantity in brackets should be positive. However,
for solutions where the term does become negative, the minus sign
in front of the bracket may be exchanged with a positive sign (and
the absolute value of the bracket term taken) to predict the trend
properly, albeit at the cost of increased solution error. It is also
possible to assume that the pressure coefficient remains constantin
this region (unless the term is negative at the leading edge of the
vehicle, in which case a subsonic solution is more applicable).

Subsonic Solution

When the assumptions and methods of Ref. 14 are used, the sub-
sonic solution of Eq. (1) yields the following integral equation for
pressure coefficient:

C,=—[2/MLr + 1)][(1 -m2) - [(1- M;)%

s

+3M2(y + 1DC,] } (6)

where C,, is the incompressible pressure coefficient found from

=2 ["[2 /w0l @
n=T ) (x—§)|dg 7

where x and x.,4 are the starting and ending points of the section
to be analyzed. The second quantity in brackets in Eq. (6) must be
positive. The same approach used in the supersonic solution to deal
with any negative quantities may be applied to this case as well.
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Near Sonic Solution

When the assumptions and methods of Ref. 14 are used, the near
sonic solution of Eq. (1) yields the following differo-integral equa-
tion for pressure coefficient:

c =_2(1—M§Q)_2 3 /‘ i/‘“
8 MZ(y +1) aMZ(y+1) J. | dx J

>4
dz
X (E/\/xl —5) d$:| dxl} (®)

where x; is adummy integrationvariableand x* is the sonic location
found by solving the following equation for x:

d Y (dz
a/;l(g/\/x—é)d$=0 )

For the sonic cases, it was observed that the near-nose region of the
flowfield had a pressure distribution similar to that of a subsonic
flow. Hence, the subsonic solution just shown is spline fit into the
sonic solution at an applicablelocation along the body. The spline is
performed by changing the constant of integration so that the sonic
and subsonic solution are equal at the selected point. The solution
to the pressure coefficient in the splined region is then

2 M2(y + 1)C,
c,=—2 |1 -z Y DO
M2y + 1) 2

3
2

wps

- (1 —M;)} (10)

where subscript xs is the value at the subsonic/sonic solution inter-
section point.

+ %M;w +1(c, - Cp,-.m)}

Axisymmetric Transonic Flow Solution

The axisymmetric, small-disturbance, transonic, potential
equation® is

(1= M2) e + (1/1), + b, = (k/Us)pubry (1)

The solution of Eq. (11) may be used to calculate the local pressure
coefficient on the surface of the body,

C 2u az\’ (12)
= —2Uu — —_—
r dx

This work has used the axisymmetric local linearization tech-
nique developed by Spreiter and Alksne to solve the axisymmetric,
small-disturbance, transonic, velocity potential equation.!* Along
with the two dimensional method, a summary of the solutions using
this axisymmetric method for purely supersonic, purely subsonic,
and near sonic is presented in Ref. 6. A detailed discussion of the
derivation of the following equations may be found in Ref. 15.

Supersonic Solution
When the assumptionsand methods of Ref. 15 are used, the super-
sonic solution of Eq. (11) yields the following nonlinear, ordinary
differential-integral equation for nondimensionalized perturbation
velocity:
du  S"(x)

da _ 2 _yykal)+ 3
— = o (| M2 1+ku|)+dx (13)

where the absolute value of the natural logarithmic term is used to
guarantee a positive value and f;, is

S"(x) [,n[sm} L / §"(x) — S"(&)

A = e e A

This equation may be integrated numerically to solve for the nondi-
mensional perturbation velocity u# using a standard ordinary differ-
ential equationsolver. For the present study, all ordinary differential
equations (ODEs) are solved using the fourth-order Runge-Kutta
scheme (see Ref. 16). To solve for the axisymmetric perturbation
velocity for all three flow regimes, the geometries must be smooth to
atleast the third derivative[see Eq. (13)].If thisis not the case, large
deviationsin the second and third derivatives may cause significant
errors.

To begin the solution of Eq. (13), a starting value for # must be
specified at some x location. In the supersonic case, this point is
found by solving for §”(x) =0 (see Ref. 15). The corresponding
perturbation velocity is then

i=f, (15)

Solution then proceeds by startingat the derivedlocation and march-
ing forward and backward to cover the complete length of the body.
Another starting point that may be selected for a purely supersonic
solution is to calculate the pressure coefficient at the leading edge
using the Taylor—-Maccoll equation for supersonic flow over a cone.
From the pressure coefficient, the starting value for u is found, the
ODE is solved from the leading to the trailing edge. One final start-
ing point (for sharp, cusped, trailing edges) is to set the pressure
coefficientat the trailing edge to zero. This assumption may be used
because the flow is assumed to be isentropic for the perturbation
equations. All three of these starting points are used in the super-
sonic solution to follow.

Subsonic Solution

When the assumptions and methods of Ref. 15 are used, the sub-
sonic solution of Eq. (11) yields the following nonlinear, ordinary
differential-integral equation for nondimensionalized perturbation
velocity:

du  S§”(x) _ du;

— =— (|l - M —k — 16
dx 4 (| o ! |) + dx (16)
where the absolute value of the natural logarithmic term is used to
guaranteea positive value and u; is the incompressible perturbation
velocity found from

S, Sw ] / S0 = S'@)

S P S T Ix — |

a7

The initial point of solution is found by finding the value of x that
satisfies S”(x) = 0 and then finding the value of it = u; atx (Ref. 15).
Another starting point for the solution is to assume that the pres-
sure coefficient at the trailing edge is zero (same reasoning as the
supersonic solution) and to iterate the solution from trailing edge to
leading edge. Both of these methods are employed in the solutions
to follow.

Near Sonic Solution

When the assumptions and methods of Ref. 15 are used, the near
sonic solution of Eq. (11) yields the following nonlinear, ordinary
differential-integral equation for nondimensionalized perturbation

velocity:
du  S'(x)S"(x) { 47 |:_ M2 —1
—_— = Xp u—+
dx 47 S(x) S (x) M2 (y +1)
B S”(x) 0 M2 (y +1)S(x)eC
4 4 x
1 ["8"x) —8"¢)
S /;l Py dg:“ (18)



1006 O’BRIEN AND LEWIS

where C =0.577215. .. is Euler’s constant. Solution of Eq. (18)
requires a starting point, which is found by solving for the point at
which §”(x) = 0. However, when S (x) =0 in Eq. (18), the solution
is singular. Details of the determination of the initial solution point
are discussed in Ref. 15. Spreiter and Alksne'’ also describe how
the pressure distribution over the entire geometry may not be found
using Eq. (18) alone. The sonic solutionis splined to the supersonic
and subsonic solutions (where applicable) to get the best solution.
See Ref. 15 and the following sections for details.

Application of Local Linearization Technique
to Prescribed Geometries

A demonstration of the applicability of the local linearization
method for two-dimensional and axisymmetric flow will now be
shown by comparing the theoretical results derived earlier to com-
putational calculations and experimental findings. Two geometries
are investigated: a parabolic arc of the form

Z =2tc[x/c — (x/c)?] (19)

and a geometry similar to the centerline of the compression region
of the example in Fig. 1. The profiles solved are shown in Fig. 2,
where the parabolic arc has a thickness ratio of 11—0, the centerline
geometry (labeled cubic) has a thickness ratio of under 0.13, and
flow goes from left to right.

The cubic centerline geometry is composed of a linear front sec-
tion followed by two cubic polynomials. The cubic sections are
joined so that the slopes remain continuousat the intersectionpoints.
The intersectionpoints of each of these sectionsare shown in Fig. 2.
As noted in the solution of the axisymmetric equations, the assump-
tion of a smooth profile, that is, continuous derivatives in cross-
sectional area, to the third derivative are necessary for a solution.
However, when the original vehicle geometry!” was developed in
2000, interest was only paid to a continuous first derivative in the
cross section. Hence, to use the theory developed, a seventh-order
spline (the lowest order to guarantee continuous third derivatives
along the entire profile) was placed around the intersection points
noted in Fig. 2. Each spline had a length of approximately 10% of
the length of the vehicle and produced no noticeable difference in
appearanceof the shape. The third derivative of cross-sectionalarea
of the original shape and the shape with the seventh-order spline
are shown in Fig. 3. With the spline, the third derivative in cross-
sectional area is continuous, but has a wide variation in value over
a small distance. This will result in errors for the prediction of the
perturbation velocity for the axisymmetric cases.

Two-Dimensional Results

The local linearizationmethod in two dimensions was applied to
the parabolic-arc airfoil described in Eq. (19) and the cubic cen-
terline shape. The supersonic, subsonic, and sonic pressure dis-
tributions are shown in Figs. 4, 5, and 6, respectively, where the
common airfoil nomenclature of negative pressure coefficientin the
positive y direction s used. Also plotted in Figs. 4-6 are computa-
tional results calculated using the TURNS code.!® TURNS uses a
thin-layer approximationto the Navier-Stokes equations, using the
Baldwin-Lomax turbulence model' to simulate turbulence. The
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Fig. 2 Profiles of geometries solved for validation.
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Fig. 3 Triple derivative of cross-sectional area for original geometry
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Fig. 4 Supersonic pressure distribution on parabolic airfoil, M., =
1.57, and cubic airfoil, M, = 1.65.

hyperbolic computational grid used had 217 points in the stream-
wise wraparounddirection (including 74 in the wake region) and 91
points in the normal direction. The grid was extended a length of 20
vehicle lengths in all directions from the surface of the geometry.
All viscous solutions were solved with a turbulent Reynold’s num-
ber of 6 x 10°. The viscous solutions are provided as a worst-case
scenario for comparison to the inviscid, theoretical results.

Along with the full airfoil profile, for the subsonic and transonic
solutions, a half-airfoil profile is solved. The half-airfoil profile is
the same as the full airfoil, except that the top half of the airfoil is
cut off, leaving a flat surface. This geometry was solved numeri-
cally to demonstrate the effects of the upper surface on the lower
surface aerodynamics and to emulate the relatively flat surface of
the example vehicle geometry.

A supersonic solution is shown in Fig. 4 for a Mach number of
1.57 for the parabolic arc and 1.65 for the cubic centerline. These
Mach numbers correspond to roughly the upper critical Mach num-
ber on the geometries. Plotted in Fig. 4 are the viscous, compu-
tational solutions from TURNS along with the theoretical results
(labeled theory). For the parabolic-arcairfoil, the theoreticalresults
deviate from the computational results “near” the leading and trail-
ing edges with errors of 23 and 30%, respectively. (Grid resolution
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Fig. 5 Subsonic pressure distribution on parabolic airfoil, M, = 0.76,
and cubic airfoil, M, = 0.65.
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Fig. 6 Sonic pressure distribution on parabolic and cubic airfoil.

at the leading edge led to slight smearing of the shock waves, caus-
ing jumps in pressure coefficient directly at the leading edge.) For
the cubic airfoil, the theoretical results tend to overpredictthe peaks
in positive and negative pressure coefficient (errors of 19 and 45%,
respectively),with a deviationin the trailing-edge prediction. These
trends are all believed to be from the small-disturbanceassumptions
inherent in the local linearization method.

A subsonic solution is shown in Fig. 5 for a Mach number of
0.76 for the parabolic arc and 0.65 for the cubic centerline. These
Mach numbers correspond to roughly the lower critical Mach num-
ber on the geometries. Plotted in Fig. 5 are the viscous, compu-
tational solutions from TURNS for both a full airfoil and a half
airfoil, along with the theoreticalresults predicted using Eq. (6) and
the constant C), alternative discussed earlier. For the parabolic arc,
the half-airfoil solution is seen to be considerably different than
the full airfoil shapes, showing the pressure leakage occurring due
to the subsonic nature of the flowfield. Note that the half-airfoil
solution is predicted remarkably well with the local linearization
solution, despite the solution having been derived for full airfoils.
For the cubic airfoil, the half- and full-airfoil computational so-
lution show much better agreement, tending to deviate near the
trailing edge.

The pressure distribution predicted by theory [Eq. (6)] on the
parabolic airfoil is seen to give accurate predictions of the peak
negative pressure on the geometry (error under 1%), but deviates
for the leading and trailing edges due to a logarithmic term in the
solution of Eq. (7). The cubic airfoil has the opposite trend: good
predictionsat the leading and trailing edges (with a maximum error
compared to the full airfoil of under 18%), with an overprediction
in negative peak pressure in the midsection (55%). Shown with the
solutionto Eq. (6) is the solution assuming constant C,, in the region
where the bracket term of Eq. (6) is negative. Although the quali-
tative trend of pressure is not matched, quantitatively, the constant
C, assumption substantially reduces the error in the quantitative
prediction of pressure (maximum error 40%).

A sonic solution is shown in Fig. 6 for the parabolic arc and the
cubic centerline. Also shown are computational solutions for the
half and full airfoil as well as experimental results from Michel
et al.? for the full parabolic-arc airfoil. For the parabolic airfoil,
good agreement is found between the theory [Eq. (8)], the computa-
tionalresults, and the experimentalfindings with an error in pressure
of under 15% for the majority of the airfoil, excluding the leading
edge. The full- and half-airfoil solutions are quite close (with a dif-
ferencein C), of under 0.07 for the majority of the airfoil, excluding
the leading edge), showing that the lower flowfield is rather immune
to communication from the upper surface.

For the cubic airfoil, the intersection point for Eq. (10) selected
between the sonic and subsonic spline was the end of the linear sec-
tion of the geometry. Good agreement is found between the theory
and the computational results for the mid- and rear sections of the
geometry, where the error in peak negative pressure coefficient is
under 13%. At the leading edge, Eq. (10) correctly predicts the qual-
itative trend of the solution, but overpredictsthe pressure by between
25 and 50% compared to the half- and full-airfoil solutions.

Axisymmetric Results

The local linearization method for axisymmetric geometries was
applied to the parabolic-arc and cubic centerline shape described
earlier. The supersonic, subsonic, and sonic pressure distributions
are shown in Figs. 7, 8, and 9, respectively, where the negative pres-
sure coefficient in the positive y direction is used. Also plotted in
Figs. 7-9 are computationalresults calculatedusing OVERFLOW !
OVERFLOW s a thin-layer, Navier-Stokes solver that is capable
of integrating multiple overset grids. The hyperbolic grid contained
100 points in the streamwise wraparound direction, 45 points in
the direction normal to the surface, and 24 points in the azimuthal
direction. The grid was extended a distance of 10 vehicle lengths
from the surface of the geometry in all directions. Turbulence
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Fig. 7 Pressure distributionon parabolicand cubic body of revolution,
M, =1.21.
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Fig. 9 Pressure distribution on parabolic and cubic body of revolution
at sonic velocity.

was modeled in these computational solutions using the Baldwin—
Lomax model'® (same as used in the two-dimensionalsolutions). All
viscous solutions were solved with a turbulent Reynold’s number of
6 x 10° (the same as the two-dimensional solutions). Additionally,
experimental data on the parabolic-arcprofile?? are provided for the
subsonic and sonic solutions.

Supersonicsolutions for the parabolicand cubic bodies of revolu-
tion are shown in Fig. 7 for a Mach number of 1.21 (corresponding
to roughly the upper critical Mach number on these geometries).
Plotted in Fig. 7 are the viscous, computational solutions from
OVERFLOW along with the results from numerical integration of
Eq. 13 (labeled theory). For the parabolic body of revolution, ex-
cellent agreement was found between the theory and computational
solution, with a difference in peak negative pressure coefficient of
0.01 and an error at the leading edge of around 10%.

Details of the methodology used to solve the supersonic theoret-
ical solution for the cubic airfoil may be found in Ref. 6. Figure 7
shows that the theoretical solution for the cubic geometry matches
well with the computationalresults at the leading and trailing edges,
with a C, difference of 0.007 at the leading edge (Taylor-Maccoll
region) and a difference in C, of 0.07 at the trailing edge. The
largesterror occurs in the region where the two cubic sections inter-

sect (correspondingto the region of minimum pressure coefficient).
The errorin peak negative pressurecoefficient was around 30%. This
erroris largely attributed to the geometry to be solved. As stated ear-
lier, the original geometry was designed to have continuous slope,
not continuous third derivatives. However, when the limitations of
the theory and the assumptions involved in finding the solution are
considered, the theory does an acceptable job of modeling the flow.

Subsonic solutions for the parabolic and cubic bodies of revolu-
tion are shown in Fig. 8 for a Mach number of 0.8 (corresponding
to roughly the lower critical Mach number on these geometries).
Plotted in Fig. 8 are the viscous, computational solutions from
OVERFLOW along with the results from numerical integration
of Eq. 16 (labeled theory) and experimental data from Taylor and
McDevitt*? for a parabolic-arcbody. For the parabolic body, excel-
lent agreement is found in comparing both the computational and
experimental results, with a difference in peak negative pressure
coefficient of 0.0075, an error of under 6% in pressure coefficient
near the leading edge, and an error in pressure coefficient of around
50% near the trailing edge (where flow separation affects the com-
putational solution).

Details of the methodologyused to solve the subsonic theoretical
solution for the cubic airfoil may be found in Ref. 6. The solution,in
general, is in good agreement with the computational results, with
an error along the leading edge of a factor of two, and an error in the
peak negative pressureregion of about 27%. Note that as freestream
Mach number decreases, the theoretical solution to the peak neg-
ative pressure region shows more error in comparison to the com-
putational results. This is a direct consequence from the analytical
geometry firstassumed and may be mitigated with a smoothershape.

Sonic solutions for the parabolic and cubic bodies of revolution
are shown in Fig. 9. Plotted in Fig. 9 are the viscous, computational
solutions from OVERFLOW, along with the results from numeri-
cal integration of Eq. (18), and experimental data from Taylor and
McDevitt*? for a parabolic arc body. Again, for the parabolic body,
good agreementis found between the theory, the computational so-
lution, and the experimental results, with an error in peak negative
pressure coefficient of around 10%. The largest discrepancy be-
tween the results is found on the rear portion of the object, where
shock/boundary-layerinteractionsare causing flow separation. The
sudden rise in pressure in the experimental results is due to the
presence of a sting to hold the geometry in the wind tunnel. This
effect is not modeled in the computational results nor in the theory
presented.

Details of the methodology used to solve the sonic theoretical
solution for the cubic airfoil may be found in Ref. 6. The resulting
sonic theoretical solution on the cubic geometry is shown as theory
inFig. 9. The forward portionof the geometryis predicted well (error
under 20%), with the largest error occurring near the maximum and
minimum slope regions (35 and 55%, respectively). The rearward
portion of the geometry demonstrates the same tendencies as seen
in Fig. 7. The maximum error occurs in the region where the triple
derivative in cross-sectional area has the largest deviations (errors
over a factor of 10). Again, this error is attributable to the geometry
selected and may be mitigated by selecting a smoother solution.

Application to Vehicle Fuselage

Solution of a vehicle geometry similar to that shown in Fig. 1
commences by eliminating the engine midline of the vehicle. The
midline (where the compressionramps and engine are located) was
eliminated to simplify the solution. Eliminating the engine section
will result in an error in the pressure distribution due to interfer-
ence effects, but will be considerednegligible for this investigation.
Where the engine section used to be, the fuselage is extended along
the span direction to the centerline of the geometry. The resulting
geometryis shownin Fig. 10. (See Ref. 6 for details on the geometry
shown in Fig. 10.)

The flowfield on the vehicle will be solved by taking longitudinal
slices in the freestream direction of the vehicle (Fig. 10) and then
solving the two-dimensional and axisymmetric pressure distribu-
tions on each slice. After the vehicle has been solved assuming two-
dimensional and axisymmetric flow, the solutions will be combined
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Fig. 10 Bottom surface geometry and longitudinal slice used in solving vehicle pressure distribution.

together. These solutions are then compared to an inviscid CFD
solution over the three-dimensional,full vehicle (bottom surface re-
placed with the geometry in Fig. 10) for three Mach numbers: 0.65,
1,and 1.65. The subsonicand supersonic Mach numbers are the sub-
and supercritical Mach numbers on the two-dimensional geometry.
It is assumed that for the subsonic and supersonic solutions, there
is no transition through Mach 1.

The inviscid theory will be compared to an inviscid, three-
dimensional CFD solution for validation. Thus, viscous effects
(which will be significant) are neither modeled nor validated. Also,
this method does not account for crossflow, that is, flow in the span-
wise direction, nor has it been applied to anything other than zero
angle of attack.

The three-dimensional, inviscid, full-vehicle CFD solution was
calculated using OVERFLOW.2! Symmetric boundary condi-
tions were used to solve the flowfield over half of the vehicle.
OVERGRID?* was used to generate an oversetmesh about the three-
dimensional object. The computational grids consisted of an inner
hyperbolic grid generated about the geometry and an outer box grid
generatedto extend the far-field boundary. The inner hyperbolicgrid
had dimensions of 46 points in the spanwise wraparound direction,
279 points in the streamwise wraparound direction (including 104
points in the wake region), and 39 points in the direction normal to
the surface. The inner grid was extended to a distance of one vehi-
cle length from the surface of the geometry. The outer box grid had
dimensions of 65 x 61 x 32 points and was extended to a distance
of over 10 vehicle lengths from the surface of the geometry.

Ultimately, it would be desirable to combine the two-dimensional
and the axisymmetricsolutiontogetherto predictthe pressureprofile
on the full vehicle. The simplest way of combining the two solutions
would be an average of the two results at each solution point on the
geometry. This approach was taken for this investigation. A more
rigorous way of blending the two solutions together would be to
determine where on the vehicle the flow would behave more in
a two-dimensional sense and where on the vehicle the flow would
behavemore in an axisymmetricsense. With thisin mind, a proposed
combinationof the results based on local surface curvature would be

pr = Cpux, (hmax/Rloc)n + Cpgp[l - (hmax/Rloc)”] (20)
where n is an exponential value to be determined and R, is the

localradius of curvaturein the azimuthal plane. It is most likely that
no single combination exists that will accurately predict the full-

vehicle pressure profile for a wide range of geometries. However,
the blending may be applicable for geometries that are similar to
one another, such as waverider-based vehicle geometries.

Validation

The results of applying the two-dimensional and axisymmetric
solutions to the full-vehicle fuselage by taking longitudinal slices
will now be discussed. On the lower surface, four analytical so-
lutions will be compared (depending on Mach number) with the
inviscid, three-dimensional, full-vehicle fuselage computational so-
lution: a solution assuming that each slice on the vehicle behaves
in a two-dimensional manner, a solution assuming that each slice
on the vehicle behaves axisymmetrically, an average of the two-
dimensionaland axisymmetricsolutions,and the combinationresult
of Eq. (20) for supersonic flow only. For the upper surface, only the
two-dimensional solutions will be compared to the computational
results. Because the uppersurface has an expansion,the surface goes
below the y = 0 plane near the trailing edge. Thus, when a body of
rotation is formed along the y = 0 plane, the resulting axisymmet-
ric geometry is incorrect. All theoretical results presented took an
average of 10 s or less of CPU time (per Mach number) on a Sun
Ultra 10, compared to hours for each three-dimensional Euler CFD
computational result.

Line contours of pressure coefficient on the bottom surface and
nondimensionalized pressure on the top surface of the vehicle at
Mach0.65 are presentedin Figs. 11aand 11b,respectively.(Top sur-
face pressure coefficients were not listed because their values were
extremely small.) The forces on the lower and upper surfaces of the
vehicle,as well as the percenterror with respectto the CFD solution,
are shown in Table 1. All forces are in square meters. (The form of
pressure used to calculate the forces was p/p.,.) The drag force D
is the pressure force on the front side of the vehicle fuselage, and the
thrust force T is the pressure force on the rear side of the vehicle.

The subsonic results on the lower surface assuming two-
dimensional flow, axisymmetric flow, and an average of the two
are compared to the computational solution for pressure coefficient
in Fig. 11a. In general, all three solutions model both the trends
and magnitudes of the pressure on the vehicle, shown by comparing
the force results in Table 1. The maximum percent error for any
of the methods is —3.9% for the two-dimensional drag force. The
axisymmetric solution does the best job of modeling the forces on
the vehicle (maximum error of 1.1%). The averaged solution does
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Table 1 Forces on the vehicle fuselage®

Bottom Top Total
Forces Two dimensional Axisymmetric Average Spline (Eq.20) CFD Two dimensional CFD Two dimensional Axisymmetric CFD
My =0.65
L 717 741 729 —_— 737 —743 —740 —-26 -2 -3
D 34.5 36.3 35.4 —_ 35.9 2.6 2.6 0.2 0.5 0.2
T 36.0 37.5 36.7 —_ 37.3 0.9 1.0 —_ —_ —_
% L 2.7 0.5 —1.1 —_ —_ 0.4 —_ 767 —33.3 —_
% D -39 1.1 —14 —_ —_ 0 —_ 0 150 —_
% T -3.5 0.5 -1.6 —_ —_ -10 —_ —_ —_ —_
My =1
L 673 755 714 —_ 721 —737 —727 —64 18 -6
D 45.5 39.2 42.3 —_ 37.3 2.4 2.5 26.4 5.1 6.4
T 20.6 35.6 28.1 —_ 32.5 0.9 0.9 —_ —_ —_
% L —6.7 4.7 —1.0 —_— —_— 1.4 —_— 967 —400 —_—
% D 22 5.1 13 —_ —_ —4 —_ 313 -20 —_
% T -37 9.5 —14 —_— —_— 0 —_— —_— —_— —_—
My =1.65
L 761 759 760 763 707 —748 —744 13 11 —37
D 51.6 42.1 46.8 50.7 42.8 2.7 2.6 29.3 11.4 19.3
T 24.0 32.5 28.3 25 25.1 0.9 1.0 —_ —_ —_
% L 7.6 7.4 7.5 7.9 —_ 0.5 —_ —135 —130 —_
% D 20.6 —1.6 9.3 18.5 —_— 3.8 —_— 51.8 —41 —_—
% T —4.4 30 12.8 -04 —_ -10 —_ —_ —_ —_

#Square meters.
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Fig. 11 Pressure distribution on lower and upper surface of vehicle fuselage, M, = 0.65.

the best job of modeling the overall pressure trends on the vehicle,
especially the rear portion of the vehicle, where both the magni-
tude and the distributionare seen to be in excellentagreement. Note
that using Eq. (20) to combine the two-dimensional and axisym-
metric solutionresulted in an “optimal” value of O for the exponent
n (corresponding to purely axisymmetric flow).

The subsonic results on the upper surface assuming two-
dimensional flow are compared to the computational solution for

nondimensionalized pressurein Fig. 11b. In general, the upper sur-
face of the geometry has very little pressure variation (varying by
+1% over the majority of the fuselage). The only significant varia-
tion in pressure occurs at the leading edge because of the flow ex-
pansion from the lower to the upper surface. The two-dimensional
model captures the quantitative trends very well, but tends to be
qualitativelyless accurate near the trailing edge of the fuselage. The
forces on the upper surface are compared to the CFD solution in
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Fig. 12 Pressure distribution on lower and upper surface of vehicle fuselage,

Table 1. The maximum error for all forces calculated on the upper
surface was —10% for the thrust. However, when it is observed that
the thrustis approximately 0.1% of the lift on the upper surface, this
error is not significant.

The sonic results on the lower surface assuming two-dimensional
flow, axisymmetric flow, and an average of the two are compared to
the computationalsolution for pressurecoefficientin Fig. 12a. Over-
all, the theory predicts the pressure distribution over the subsonic
vehicle better than the sonic vehicle. The maximum percent error
in force prediction was found to be —37% for the two-dimensional
solution.In general, the two-dimensional solution was found to be a
poor prediction of the vehicle flowfield, overpredictingthe forebody
region by over a factor of three and underpredictingthe rear portion
of the vehicle by about the same.

The best force prediction came from the axisymmetric solution,
where the maximum percent error in force was 9.5% for the thrust.
This is nota surprisingresultbecause the arearule uses an equivalent
axisymmetric geometry to find the drag force. When the pressure
profiles are compared, the axisymmetric solution models the for-
ward portion of the geometry quite well (error in drag of 5.1%)
and tends to underpredictthe rear portion of the vehicle (shown by
the thrust calculationand Fig. 12a). The averaged solution resulted
in the lowest error in lift prediction of —1.0%, but was off for the
drag by 13% and the thrust by —14%. Note that using Eq. (20) to
combine the two-dimensional and axisymmetric solution resulted
in an optimal value of O for the exponentn (correspondingto purely
axisymmetric flow).

The sonic results on the upper surface assuming two-dimensional
flow are compared to the computational solution for nondimension-
alized pressurein Fig. 12b. The shock on the upper surfaceis clearly
identifiable, with a compression ratio of about 1.2. The analytical
model is found to be a poor predictor of the qualitative trends on the
upper surface, but gives rough estimations of the quantitative forces
on the upper surface. The flowfield solution on the upper surface is

My =1.

affected by the pressure leakage occurring at the leading edge from
the lower surface. Hence, the analytical model (which assumes no
interaction from the lower surface) will not be able to predict the
trends observed in Fig. 12b. From Table 1, the maximum error in
the forces calculated on the upper surface was —4% for the drag
force. However, considering that the drag force is 0.3% of the lift
force, this error is not significant.

The supersonic results on the lower surface assuming two-
dimensional flow, axisymmetric flow, an average of the two, and
the combination described by Eq. (20) (n =0.4) are compared to
the computational solution for pressure coefficient in Fig. 13a. The
maximum error found was 30% error for the axisymmetric thrust
calculation. The minimum error found was —0.4% for the thrustpre-
dictionusing Eq. (20). All methods predicted lift to within 8%, with
the axisymmetric solution yielding the best result with 7.4%. The
two-dimensional solution again overpredicts the forebody region of
the vehicle, with an error in drag prediction of 20.6%; however, the
thrust prediction was to within —4.4%. The axisymmetric solution
predictedthe drag to within —1.6%, butoverpredictedthe thrust. The
average solution yields a maximum error of 12.8% for the thrustcal-
culation and a minimum error of 7.5% for the lift calculation. It is
suggested that the best means of predicting the forces on the lower
surface of the supersonic vehicleis to use any of the lift predictions,
the drag prediction from the axisymmetric solution, and the thrust
prediction from the two-dimensional or the combination solutions.

The supersonic results on the upper surface assuming two-
dimensional flow are compared to the computational solution for
nondimensionalized pressure in Fig. 13b. Except near the leading
and trailing edge, the computationalresult predicts a pressure varia-
tion of approximately +5%. This agrees well with the analytical re-
sult, which also predicts pressure variations of approximately £5%.
Two features on the computational solution are not predicted with
the analytical model: the expansion occurring on the leading edge
of the forebody and the shock occurring at the trailing edge of the
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Fig. 13 Pressure distribution on lower and upper surface of vehicle fuselage, M, = 1.65.

vehicle. The expansion is not predicted due to the assumption of
zero crossflow. The trailing-edge shock is due to the flow exiting
the lower surface; thus, the model will not predict this trend be-
cause it assumes no flow communication between the lower and
upper surface. From Table 1, the maximum error in force prediction
was —10% for the thrustcalculation. However, the magnitude of the
thrustis very small (~0.1% of the lift) so that the erroris determined
to not be significant.

The total lift and drag on the vehicle using the two-dimensional
and axisymmetric modeling (where the upper surface is solved us-
ing the two-dimensional method) is compared to the computational
solutions in Table 1. For the subsonic results, the percent error in
net lift prediction was over 700% for the two-dimensional model-
ing and over 30% for the axisymmetric modeling. These percentage
errors are indeed quite high. However, on inspection of the net lift
predictedby the computationalsolutions, the lift on this geometry is
very small (approximately0.3% of the averagelift force on the lower
and upper surface). The analytical predictions for lift, compared to
the averagelift force, were foundto be 3.5% for the two-dimensional
modeling and 0.2% for the axisymmetric modeling. Thus, although
the analyticalmethods do notquantitativelypredictthe correct value
of lift, they do qualitatively predict that there will be very little lift
on this geometry. This argument holds true for the rest of the lift
force errors reported in Table 1. However, the analytical methods
are found to better predict the net drag on the vehicle, but still these
errors are a bit high.

An important result from the numerical and analytical results
reportedin Table 1 is the inability of the vehicle fuselage to produce
sufficient, positive lift at low speeds. In fact, this class of vehicle
geometry in general has poor lift performance for Mach numbers

less than 3 and for angles of attack as high as 6 deg (Ref. 24). Thus,
the fuselage will either have to be inclined at a relatively high angle
of attack, or some form of lift augmentation such as wings, canards,
or thrust from the engine will be needed to obtain significant lift for
takeoff and low-speed flight.

Conclusions

A method for rapidly predicting the inviscid, transonic, aerody-
namic performanceof a high-speed,slenderhypersonicfuselagehas
been presented. Though the example chosen is a waverider-derived
form, the actual waverider properties are irrelevantin the low-speed
region where this study was focused, and the method should be ap-
plicable to any general slender hypersonic lifting body form. The
method calculates the pressure distribution over the surface (ignor-
ing interference effects from the engine) in CPU times of approxi-
mately 10 s using a Sun Ultra 10. The Spreiter and Alksne method
of local linearization'*'> was used to reduce the two-dimensional
and axisymmetric transonic, small-perturbation, velocity potential
equations into analytical and nonlinear ODEs, respectively. These
equationsare then solvedalonglongitudinalslices of the vehicle ge-
ometry to predict the pressure distribution on a three-dimensional
vehicle. The theoretical results were then compared to an invis-
cid, three-dimensional, computational solution over the vehicle
geometry.

In general, the methodology developed herein accurately pre-
dicted the forces on the lower and upper surface of the vehicle
fuselage. However, because of the low values of net forces on the
fuselage, larger fractional errors were found when the analytical
results for the lower and upper surface were combined together.
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Overall, for the CPU time constraints imposed, the method yields
results that will be useful for initial design phase studies and/or stud-
ies thatinvolve many vehicle geometry iterations (such as trajectory
performance or optimization).

A major conclusion reached through the analytical and compu-
tational analyses of the fuselage showed that this class of vehicle
geometries perform poorly in the generation of low-speed lift. Lift
augmentation in the form of wings, canards, or thrust from the en-
gine will be needed to provide sufficient lift in the subsonic through
low supersonic regime.
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